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Abstract-In this paper, an analysis is presented of the problem of characterizing the accuracy of deterministic localization of fixtures. In a statistical framework, the positioning accuracy of the workpiece localized by the locators of a fixture is described by a symmetric, positive definite accurateness matrix (or variance matrix). The accurateness (variance) matrix is identified as having similar structural properties to the stiffness (compliance) matrix of an unloaded, stable robot grasp. This connection leads us to describe a set of frame-invariant characteristic parameters with geometric interpretation. The principal translational accuratenesses and rotational variances are defined for constructions of frame-invariant quality measures for a meaningful comparison of different locating schemes. Examples are presented to illustrate the concept and usefulness of the characterizing properties in optimizing a fixture layout.
Index Terms-Accurateness, fixture localization, fixturing, grasping, stiffness.
I. INTRODUCTION
Proper fixture design is crucial to product quality in terms of precision and accuracy in part fabrication and assembly. Fixtures, usually consisting of clamps and locators, must be capable of positioning, holding, and supporting a workpiece during machining, assembly, or inspection. Among the three major functions, positioning or localization is the primary function, and the positioning accuracy is an essential measure of the performance quality of a fixture. This paper focuses on the aspect of localization accuracy and describes various characterizations with frame-invariant quality measures. The measures may be used to quantify or evaluate different locating schemes in optimal design of fixtures. Literature on general fixturing techniques is substantial [1] . There are several formal methods for analyzing performance of a fixture based on the popular screw theory, dealing with issues such as kinematic closure [2] , [3] , contact types, and friction effects [4] . The focus is usually on the century-old concept of form (force) closure [5] , which has been extensively studied in the field of robotics in recent years [6] - [8] . The problem of designing modular fixtures has gained extensive attention recently [9] .
Prior work on quantifying effectiveness of a robotic grasp or a fixture has mostly focused on the state of equilibrium. Equilibrium is involved in the total restraint (or closure) of the object or workpiece. There are two major ways to quantify an equilibrium grasp or fixture. In considering the rigid-body mechanics only, measures of the contact constraints provided by robot figures or fixture contacts may be expressed in terms of the contact force such as the maximum of the normalized equilibrium forces [7] , [10] , [11] . Such measures are usually dependent on the choice of coordinate frames-an optimal grasp or fixturing scheme under one choice of reference frame may become nonoptimal under another. Another approach is to consider the stiffness matrix of a grasp or fixture with an elastic contact model [6] , [12] - [14] . In recent years, it has been realized that the stiffness matrix of an unloaded equilibrium has a special structure defining the elastic couplings [14] - [17] . A proper characterization of the stiffness matrix has been shown to have strong implications in practice [17] .
The functional requirement considered in this paper is the workpiece localization, which is different from the concept of equilibrium. Localization establishes a desired spatial relationship of the workpiece with respect to a fixture reference frame with unique and accurate location (both position and rotation). For a fixture, locators are used primarily for this function to eliminate the six degrees of freedom of the workpiece, which is often referred to as deterministic localization [2] . But, as passive elements, the locators in deterministic localization do not necessarily form an equilibrium [18] . Once positioning of the workpiece is accomplished by the locators, a clamping device must be applied to provide a complete restraint (or force closure) of the workpiece against any external forces on the workpiece. Only then is a stable equilibrium established. Our focus here is on the accuracy of the deterministic localization.
The localization accuracy is subject to positioning variability of the locators and geometric variability of the workpiece. Its proper qualification is an important issue in fixture design, as it may be considered as a major criterion for the designer to use in choosing from a large number of feasible locating schemes. The prior research on this issue is scarce, with some case-specific and limited measures available [19] , [20] . This paper builds on a statistical framework of fixture analysis and presents frame-invariant characterizations of the localization accuracy. First, a general representation of localization accuracy is described by an accurateness matrix. Then, we recognize some key similarities of this matrix with the stiffness matrix of an unloaded stable equilibrium in grasping or fixturing. This realization 1042-296X/02$17.00 © 2002 IEEE leads us to identify frame-invariant features of the accurateness matrix in terms of a set of invariant quantities called the principal translational accurateness and principal rotational variance parameters that enable a geometric interpretation. We then discuss how these principal parameters might be considered as measures to be incorporated in determining an optimal localization scheme. Examples are provided to illustrate the applicability of the approach.
II. DETERMINISTIC LOCALIZATION
Deterministic localization refers to the role of a fixture in locating a workpiece in a unique position and orientation [2] . The location(position and orientation) is considered to be deterministic if the workpiece cannot make an infinitesimal motion while maintaining contact with all the locators.
Let us denote a small perturbation in the location of the workpiece by. Suppose that the ith locator is in contact with the workpiece at 
where n n ni defines the workpiece surface normal at the ith contact point, and
representing the projection of the resulting perturbation of the locator position vector r r r i along the normal direction of the workpiece surface. The deterministic localization condition requires that the equation is satisfied for all locators with a unique solution of. In general threedimensional (3-D) cases, a fixture has six locators (i = 1; 2; . . . ; 6), and the collection of their equations are defined as Here, matrix G G G is called the locator matrix, and it is defined entirely by the locator locations specified on the workpiece surface [20] .
Therefore, at deterministic localization, the locator matrix G G G must not be singular, indicating that all w w w's are linearly independent. Under the rigid-body mechanics, the localization properties of the fixture are completely determined by the locator matrix. It should be noted that the locators at deterministic localization generally do not form an equilibrium state, a condition that has to involve the fixture clamps in addition. Our interest is in characterizations of the locator matrix G G G.
III. ACCURATENESS AND VARIANCE OF DETERMINISTIC LOCALIZATION
A fundamental aspect of the quality of a fixture is the localization accuracy provided by the locators. The localization accuracy is subject to positional variability of the locators and geometric variability of the workpiece. In general, the locator positional variability depends on the dimensioning and tolerancing scheme assigned to the fixture assembly and its components. A complete model of the variability is usually not available at the early stage of fixture design. However, the impact of a locating scheme can be predicted based on a statistical description of the positional variability. With this basis, frame-invariant characterizations may be devised to facilitate the determination of an optimal locating scheme.
When only variations or tolerances of the error sources may be known, we may consider the locator errors y y y as statistical variables. If it is assumed that each locator follows an independent normal 
Here, from a statistical viewpoint, the localization variance matrix V V V completely characterizes the total variance in the workpiece position and orientation due to positional variances s i of the locators.
In the same viewpoint, we may describe the accuracy of deterministic localization with the inverse of the localization variance matrix, 
where ai = 1=si, and it defines the effective accuracy of the locator position and is referred to as the locator accurateness. A convenience in defining the localization accurateness matrix A A A is its similarity to the stiffness matrix K K K of a multifingered grasp. It is well known that for an unloaded and frictionless grasp with n fingers in equilibrium, the grasp stiffness matrix is defined as
with k i representing the elasticity constant at the ith contact [6] , [12] , [14] . Therefore, the localization accurateness matrix A A A is analogous to the grasp stiffness matrix with an analogy of the locator accurateness a i to the finger contact stiffness k i . On the other hand, we may recognize a similar analogy between the localization variance matrix Although the concepts of fixture localization accurateness and the grasp stiffness are entirely different, the analogy in their matrix structure allows us to utilize the well-known properties of the stiffness matrix K K K (or the compliance matrix C C C) to develop a proper characterization of the properties of the accurateness matrix of localization A A A (or the variance matrix V V V ) with adequate physical interpretation.
IV. FRAME-INVARIANT CHARACTERIZATIONS OF LOCALIZATION ACCURATENESS
Given the analogy between the 6 2 6 accurateness matrix A A A of fixture deterministic localization to the stiffness matrix K K K of a multifingered robot grasp at unloaded equilibrium and based on the previous studies of robotic grasping [6] , [12] , [15] , it is deduced that the accurateness matrix A A A has the following two properties. 1) A A A is symmetric and positive definite for deterministic localization when the locator matrix G G G is not singular. Thus, 
2) The accurateness matrix A A A has a zero trace of the 3 2 3 off-diagonal block matrices, trace (A A A 12 ) = 0 [15] . Thus, matrix A A A has only 20 independent parameters, instead of the usual 21 for a 6 2 6 symmetric matrix.
These properties imply that matrix A A A is not completely diagonalizable, leading to repeated eigenvalues. Moreover, while the sign of the eigenvalues is preserved under changes of coordinate frames, their magnitudes are not frame invariant. Therefore, any quality criterion for measuring the localization accuracy based on the eigenvalues of the accurateness matrix A A A would have problems similar to those of using singular values of the locator matrix G G G [21] -the quality criterion depends on the choice of coordinate frames, and a locating scheme which is optimal under one choice of the reference frame may fail to be optimal under another.
Fortunately, the similarity between the localization accurateness matrix A A A and the stiffness matrix K K K allows us to take advantag of the recent insights into the special structure of the stiffness matrix [14] - [17] . A proper characterization of the accurateness matrix A A A may follow the identification of certain frame-invariant parameters in the analogous grasp stiffness matrix K K K, as follows.
A. Principal Accurateness Parameters
Central to the development of this paper is the geometric decomposition of the localization accurateness and variance matrices with the 
The decomposition arises from solving the following two eigenvalue problems [14] , [16] , [17] :
where A A A11 primarily defines the translational components of the localization accurateness, while V V V 22 primarily defines the rotational components of the localization variance, and This decomposition follows the eigenvalue decomposition of the grasp stiffness and compliance matrices K K K and V V V when using the analogies of the accurateness matrix A A A to the stiffness matrix K K K, and the variance matrix V V V to the compliance matrix C C C. Therefore, we shall omit their derivations and proofs and shall refer the reader to [14] and [16] for details.
B. Geometric Interpretation
In using the analogies, we can also provide geometric interpretations of the eigenvalue decomposition. The principal accurateness parameters are best explained in terms of the geometry of a level set function that is related to the total variance of the deterministic localization. The total variance is an analog to the elastic energy of the robotic grasp with stiffness K K K [14] . Following [14] , the level V . Thus, they may provide a meaningful measure for evaluating the accuracy of deterministic localization of a fixture.
V. FRAME-INVARIANT MEASURES OF LOCALIZATION ACCURACY
With the above frame-invariant characterizations of the deterministic localization, we now turn to the issue of determining physically meaningful ways to compare different locating schemes for better localization accuracy. It is again noted that the issue is cast in the context of fixture deterministic localization and it deals with only the locators. Although the issue is analogous to the stiffness quality of a robot grasp, the latter is defined at a stable, unloaded equilibrium state instead.
Roughly speaking, the accuracy of a deterministic localization can be measured at three separate levels of detail, as follows.
1) Overall D-Optimality: It has long been noted that the determinant of the stiffness matrix K K K is frame invariant [10] , [12] , making det(K K K) a useful quality measure for robot grasps. For deterministic localization, a similar criterion would be the determinant of the localization accurateness matrix det(A A A) [20] , [22] , i.e. max(Q0 = detA A A): (14) This is known as D-optimality. This criterion would result in minimization of the overall variance of the workpiece positional parameters, and thus, reduces the effects of the locator errors on the fixture localization accuracy. In addition, the D-optimality measure reduces the interactions between locators, so the six degrees of rigid-body freedom of the workpiece are best separated among the given locators [20] .
2) Principal D-Optimality: The geometric decomposition of (11) and (12) 
Therefore, Q0 = Q1Q2. Namely, the overall D-optimality Q0 can be naturally decomposed into the principal D-optimal measures Q 1 and Q2 for translation and rotation, respectively. It should be noted
It should also be pointed out that the D-optimality solutions of max(Q1), max(Q2), and max(Q0) are all scale invariant with respect to the dimensional units. This is evident from the fact that A A A 11 is dimensionless, and V V V 01 22 is proportional to the square of the linear unit. Thus, the dimensional units have no effect on their optimum solutions.
3) Principal Accurateness Parameters: Further noting the fact that Q1 = 1 1213, Q2 = 1 1213, and Q0 = 1 12 13111213,
we may desire to consider the worst cases of the principal accurateness parameters as more general quality measures of localization accuracy. A simple idea is to define the following pair of localization quality measures:
max(Q4 = min(1; 2; 3)) (19) without mixing the principal translational and rotational accurateness parameters.
Of course, it is more desirable to define a single criterion to combine the translational accurateness and the rotational accurateness parameters. A problem is that the linear and angular motions are not comparable in their dimensions. It is artificial to choose their scaling factors, and the scalings may affect the combined quality measure [7] . A single worst-case accurateness criterion like the one presented in [14] for grasp stiffness will depend upon a physically-based concept for its interpretation. The overall D-optimality measure Q 0 is exceptional, since it is a measure of the "volume" of variance [22] . Its optimal solution is both frame invariant and scale invariant. In general practice, fixture design deals with a set of functional requirements. It is often considered as a problem of multiobjective optimization, with necessary tradeoffs for a balanced overall optimal solution [23] .
VI. APPLICATIONS
The analysis presented here gives us tools to understand and predict the properties of deterministic localization of fixtures. Here, we consider two examples of the application of the accurateness characterization to the problem of optimizing fixture locator layout for high quality in localization accuracy. For simplicity and clarity in presentation, 2-D examples are used and, in that case, three locators are sufficient and necessary. The results should be indicative of the cases of 3-D objects. Frictional contact is not considered, since it is not desirable to rely on frictional forces to achieve kinematic localization [18] , [22] .
The first example is a polygonal workpiece with a given number of edges to be localized with three locators. It seems to be similar to the problem of optimal grasp of a polygon with three frictional fingers in a stable equilibrium state, which has been well studied [12] , [14] , [24] . Again, in our case of deterministic localization, the three locators are treated as frictionless, and there is no condition of equilibrium or stability.
In the case of a polygonal object, the translational accurateness ma-
ain n nin n n T i is constant for each locator-edge combination. Therefore, the principal translational accurateness parameters 1 and 2 are constant for a given edge triplet. The positions of the locators on the edge triplet have an effect on the principal rotational parameter only. Thus, an optimal locating scheme is concerned with only the rotational parameter of localization accurateness.
As an illustration, we show a regular pentagon whose edges are of length a (Fig. 1 ). Three locators are specified in the following manner for an optimal localization: one locator is placed near vertex C either on edge BC or CD, and the other two locators lie on edges AB and AE at a distance ea from the vertex A (0 e 1).
Thus, we can compute the localization accurateness measures as a function of e. When the first locator at vertex C is on edge BC, it is shown in Fig. 2 that the rotational accurateness parameter varies substantially as e increases. At e = 0:889, = 0, indicating a singular localization. In contrast, when the first locator at vertex C is on edge CD, the rotational accurateness parameter is nearly a constant as e varies (Fig. 3) . The second example is an ellipse with semiaxis lengths of four and two, respectively. Three different accurateness criteria are used for optimizing the localization accuracy, the overall D-optimality Q 0 , and the principal D-optimality Q1 and Q2 separately. The resulting optimal locations of the three locators are shown in Figs. 4-6, respectively, for max Q 0 , max Q 1 , and max Q 2 . All three resulting locating schemes are deterministic, but maximizing the translational determinant det(A A A 11 ) yields a more distinct location of a locator at the major axis position (Fig. 5) . The corresponding determinant values are shown in Fig. 7 for the three cases. 
VII. CONCLUSIONS
The focus of this paper is on the positioning accuracy of deterministic localization of a fixture. In a statistical framework, the positioning errors of the workpiece being fixtured are described by the 6 2 6 localization variance matrix, or by its inverse as the localization accurateness matrix. Even though there are strong differences between the concepts of the deterministic localization and the stable equilibrium, analogous connections have been established between the structures of the localization accurateness (or variance) and the stiffness (or compliance) of an unloaded, stable robotic grasp. Most importantly, a set of principal translational and rotational accurateness parameters are identified as solutions of two eigenvalue problems. These principal parameters are found to be frame invariant with a geometric interpretation. Therefore, these principal characterizations of the localization accurateness can be utilized to form quality measures for a meaningful comparison of different locating schemes. Two examples are presented in the paper to show their usefulness in fixture layout optimization.
In the analysis of grasp stiffness matrix, there are established concepts of the centers of stiffness, compliance, and elasticity [16] , [17] . While the stiffness characterizations are defined for a stable equilibrium grasp, the similarity to the accurateness matrix may permit similar geometric properties to be identified for a deterministic localization. This might be an interesting future investigation which could yield additional physical properties that characterize accurateness or variance of the deterministic localization.
